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4. Indefinite Integrals and The Net Change Theorem,

The notation

∫
f(x) dx used for antiderivative of f and is called an indefinite integral.

Thus

∫
f(x) dx = F (x) means F ′(x) = f(x)

1.

∫
cf(x) dx = c

∫
f(x) dx 2.

∫
[f(x)± g(x)] dx =

∫
f(x) dx±

∫
g(x) dx

3.

∫
k dx = kx+ C 4.

∫
xn dx =

xn+1

n+ 1
+ C for n �= −1

5.

∫
ex dx = ex + C 6.

∫
ax dx =

ax

lna
+ C

7.

∫
1

x
dx = ln |x|+ C 8.

∫
sinxdx = − cos x+ C

9.

∫
cos xdx = sinx+ C 10.

∫
sec2 xdx = tan x+ C

11.

∫
secx tanx dx = secx+ C 12.

∫
cscx cot x dx = − cscx+ C

13.

∫
csc2 xdx = − cot x+ C 14.

∫
1√

1− x2
dx = sin−1 x+ C

15.

∫
1

x2 + 1
dx = tan−1 x+ C 16.

∫
coshx dx = sinhx+ C

17.

∫
sinhxdx = cosh x+ C
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Example 1. Find

∫
(10x4 − 2 sec2 x) dx.

Solution: ∫
(10x4 − 2 sec2 x) dx = 10

∫
x4 dx− 2

∫
sec2 x dx

= 10
x5

5
− 2 tanx+ C

= 2x5 − 2 tanx+ C.

�

Example 2. Find

∫
cos θ

sin2 θ
dθ.

Solution: ∫
cos θ

sin2 θ
dθ =

∫
1

sin θ

cos θ

sin θ
dθ

=

∫
cot θ csc θ dθ

= − csc θ + C.

�
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Example 3. Find

3∫
0

(x3 − 6x) dx.

Solution:

3∫
0

(x3 − 6x) dx =
x4

4
− 6

x2

2

]3
0

=
x4

4
− 3x2

]3
0

=
34

4
− 3(3)2 − 0

=
81

4
− 27 =

−27

4
.
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Example 4. Find

2∫
0

(
2x3 − 6x+

3

x2 + 1

)
dx.

?

Solution:

2∫
0

(
2x3 − 6x+

3

x2 + 1

)
dx = 2

2∫
0

x3 dx− 6

2∫
0

x dx+ 3

2∫
0

1

x2 + 1
dx

= 2
x4

4
− 6

x2

2
+ 3 tan−1 x

]2
0

=
x4

2
− 3x2 + 3 tan−1 x

]2
0

=
16

2
− 3(2)2 + 3 tan−1 2

= −4 + 3 tan−1 2 ≈ −0.67855

�
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Example 5. Find

9∫
1

2t2 + t2
√
t− 1

t2
dt.

Solution:

9∫
1

2t2 + t2
√
t− 1

t2
dt =

9∫
1

2t2

t2
+

t2
√
t

t2
− t−2 dt

=

9∫
1

2 + t1/2 − t−2 dt

= 2t+
2

3
t3/2 +

1

t

]1
9

=

[
18 + 18 +

1

9

]
−
[
2 +

2

3
+ 1

]

= 36− 3 +
1

9
− 6

9

= 33− 5

9
= 32 +

4

9
= 32

4

9
.
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Theorem 4.1: [The Net Change Theorem]
The integral of a rate of change is the net change:
b∫

a

F ′(x) dx = F (b)− F (a).

Note 1:

• If an object moves along a straight line with position function s(t), then its veloc-

ity is v(t) = s′(t), hence

t2∫
t1

v(t) dt = s(t2) − s(t1) is the net change of position, or

displacement.

• The speed is given by|v(t)|, hence the total distance traveled is

t2∫
t1

|v(t)| dt.

• The acceleration of an object is a(t) = v′(t), so

t2∫
t1

a(t) dt = v(t2)− v(t1) is the change

in velocity from t1 to t2.
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Example 6. A particle moves along a line so that its velocity at time t is v(t) = t2 − t− 6 m/s.

1. Find the displacement of the particle on the
interval [1, 4].

2. Find the distance traveled on the interval
[1, 4].

Solution:

The velocity function v(t) = t2 − t− 6 on the interval [1, 4] has this graph.
?

1.

s(4)− s(1) =

4∫
1

t2 − t − 6 dt

=

[
t3

3
− t2

2
− 6t

]4
1

=
−9

2
.

2.
Note that v(t) ≤ 0 on [1, 3] and v(t) ≥ 0 on[3, 4].

4∫
1

|v(t)| dt =
3∫

1

−(t2 − t− 6) dt +

4∫
3

t2 − t− 6 dt

=

[
− t3

3
+

t2

2
+ 6t

]3
1

+

[
t3

3
− t2

2
− 6t

]4
3

=
61

6
.
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